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n
Let Fq be a finite field of characteristic p # 0 with P =q 0 ele-

ments. We denote by?Fq[x] the ring of polynomials with coefficients iniFq
and by Fq{x} its quotientfield.

For 0 # E ¢ Fq[x] we define the (logarithmic) valuation

dg E = degree of E and dg 0 = -,

For Q € Fq{x} where Q = % with E,F € Fq[x] and F # 0 we define

dg Q = dg E - dg F.

The completion of Fq{x} with respect to the valuation is denoted by
F and the completion of the algebraic closure of F by &. The valuation dg

on F {x} can be extended to ¢ in a unique way and also will be denoted

by dg.

A function f : ¢ > ¢ given by a power series

f(t) = Z a, £t with a; € o,
i=0

which converges for all t with dg t < R is called linear if

f(t+u) = £(t) + f(u) Vt,u e ¢ withdg t < R, dg u < R,

f(ct) cf(t) Vt € ® with dg t < R and ¢ ¢ Fq

For linear functions we define for all t for which the involving se-

ries converge the operators AT (r=1,2,...) by

Af(t) = f(xt) - x £(t),
r-1

rnlf(xt) - x4 Ar_]f(t), r > 2,

ATE(E) = A
. . 0
For purpose of notation we define A f(t) = £(v).

A function f : ¢ > ¢ is said to be entire if f can be written as a
power series with coefficients in ¢, which converges for all t ¢ &,
For entire linear functions f we have an "expansion formula" (see 1

or [21 lemma 2.1), namely :
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r every M ein[x] we have

dg M v _(M)
£(Mt) = gf Y AY (b)),

v=0 Fv
v v v v-1
ere Fv = (xq —x)(xq —xq) coe (xq -x4 ), v > 1
FO =1
wv(t) = ) (t-E) .
dg E<v
EéFq[x]

Now we introduce a special class of linear functions.

finition. A linear function f : ¢ » ¢ given by
k
q
a ]

0 k

f(t) =

Il t~18
~
-

k

called an E-function if there exists a finite separable algebraic ex-

nsion K of F of degree h such that:
(1) a, € K, k=0,1,...
(2) 3c € R, ¢ > 0 such that dg a, ch
(3) Yk e N u {0} EQk € Fq[x] of minimal degree such that

QkaO,Qkal,...,Qkak are integers in K and

k
dg Qk = 0(kq ), k > =,

narks

(i) From (1) and (2) we have that every E-function is entire.

!1) The functioms y(t) and Jn(t) (see [3]) are E-functions.

.i) Linear polynomials with separable algebraic coefficients in & are
E-functions. r

v) If f and g are E-functions then Arf (r=1), £ s £ + g are E-functions.

v) If P is a linear polynomial with separable algebraic coefficients in

® and f is an E-function, then P(f(t)) is an E-function.




Lemma 1. Let K be a separable finite algebraic extension of F{x} of degree

h. Let r,s ¢ N with 0 < r < s. Then the system of linear equations

(k=1,...,r),

Il 0!

Q

.

e
>

-
]
o

i=1

where a, . are algebraic integers in K and

a = max (dg o, .,0)

.3
K, i ki

. . . s .
has a non-trivial solution {Xi}i=l with

X. e F [x]
1 q
such that

cs + ar .
dg Xi<—'s_—r (1=l,...,S),
where ¢ is a positive constant only depending on the field K.

Proof. We use the following lemma which will be proved in an appendix.

Lemma: Let K be a separable finite algebraic extension of Fq{x} of degree

h. Then there exists a basis 81 ""-’Bh of algebraic integers of K such

that every algebraic integer £ € K can be written uniquely as
h
£ = _Z Ai Bi with Ai € Fq[x].
1=1 -
further we use the methods of lemma 4.2 in [3]. [J

Now we can formulate the main result of this paper.

‘heorem 1. Let fl(t) > see ,fn(t) be E-functions, not all polynomials.

juppose

r
A fv(t) = er(fl(t)""’fn(t)) s r=0,l,...;5 v=1,.,..,n,

There er are n-linear polynomials of n variables f] 5 ea ,fn of total

egree <qr with coefficients inin[x] of degree <qr.




it o # 0, B¢ Fq{x} and fv<t) Z 0. Then at least one of the elements
{8, fl(a) s vee ,fn(u) ,fl(as) PRRI ,fn(aB)}

transcendental over Fq{x}.

rollary 1.

With the choice f (t) = v(t), a = A(a*), where o” is not a zero of 2(t)
and B ¢ F {x} we get the analogue of the theorem of Gelfond-Schneider:
at least one of the elements {8, a" = y(A (™)) , U(BA(a™))} is transcen-
dental over Fq{x}. This result was proved by Wade in [5].

With f](t) = Jn(t), fz(t) = AJn(t) and o # 0, B ¢ Fq{x} we get:

at least one of the elements
(8,3 _(a), 83 () ,3_(aB) , BI_(aB)}

is transcendental over Fq{x}. This result was essentially proved in [3]
where the theorem said under the same conditions for o and B: at least
one element of the set V = {a, B ,Jn(a) ,AJn(a) ,Jn(aB) ,AJn(aB)} is
transcendental over Fq{x}. At the begin of the proof in [3] we supposed
o to be algebraic over Fq{x} but we didn't use this fact, hence a can

be omitted in V.

rollary 2. If we choose f](t) = w(a?t),...,fn(t) = w(a:t), where

# 0, v=l,...,n, and if o = 1, B ¢ Fq{x} then at least one of the ele-
ats {8, w(aT),...,w(a;) ,w(ate),...,w(a;B)} is transcendental over
(x}.

If now oy is not a zero of A(t), i=Il,...,n, and az 1= A(ui), then
least one of the elements of the set {B,al,...,an,w(BA(al)),..
.,w(sx(an))} is transcendental over Fq{x}. For n = | we have the result
corollary la.

For B ¢ F {x}, a algebraic and A(a) # O we have: at least one of the
:ments {B, w(BA(a)),w(BA(aq),... ,w(BA(aq ))}, n>1, is transcenden-

. over Fq{x}. Equivalent with this last result is: at least one of the




elements {B, Y(A(a)), Y(BA(xa)), ..., w(BA(xna))}, n =1, is transcenden-
tal over Fq{x}, since AA(t) = A(xt) - xA(t) = A(tD).

Proof of theorem 1. Suppose B, f](a),...,fn(a),fl(aB),...,fn(aB) are

e e e
algebraic over Fq{x}, then, for some e ¢ N, g% , f? (@)sene, £4 (o),
n

e e
f? (aB)s... ,fg (aB) are separable overIFq{x} and they generate a sepa-

rable extension K of Fq{x} of degree h.

e e e
Let T € Fq[x] be such that rgd 5 ng (o), ng (aB), v=1,...,n,
are algebraic integers of K.

The natural numbers k, & with k < %& will be chosen later.

Define

20, 2k,
q q . e iqe

) Joox. o3 £ (or),
=0 i=0 1jv \YJ

ne~—g

L(t) :=

v=1 j

vhere the polynomials Xijv will be determined by the following:
L(A+BB) = 0 for all A,B ¢ Fq[x] with dg A < m, dg B < m,

wherem := k + £ - 1,

. . . . 2
yince B ¢ Fq{x} we get a linear system of at most q2m equations in nq2k+2

rariables Xijv with algebraic coefficients:

22 2k :

nq =-1q -1 0 iq®

DoLaes) = [ ] T % el £19 (aareB)) = o,
v=l j=0 i=0 *J

dg A <m, dg B < m.

i(ocA+aBB) = fi(aA) + fi(aBB) since fi is linear. Since

H = =
A fi(t) = Riu(fl(t)’.'.’fn(t)) =




rith A, .
injg ...
iives:

fi(aA) =

wu(A)

F
u

ince dg

dg fi(aA

e
ince fg (ad)
Vv € (1,...

ients of X..
1]

ith coeffici

Since q2
ith integral
ith the fact

his gives th

20+2n
rd

hich we deno

incem = k +

umber of var

‘q[x] and dg Aiu' < qu, the expansion formula

Jl..lJn
j j

v (A) I n

2 ) A s £] @aEl (@),

TR T T R

1 n
v (A)

max dg uF = max (qudg A-uqu) < dg A . ng A,
i<dg A U O<usdg A

[m + qm + qm max{dg fl(a),,..,dg fn(a),O}.-

e e e
fg (eBA) is a polynomial in fg (o) resp. fg (aB),
f degree < q" with coefficients inin{x}, the coeffi-

1) are polynomials in

degree < q2£ -1
€ 2k
, fg (aB) of degree < (q -l)qm

n ]Fq{x}-

2%+2n

+ 2n(q2k-l)qm < q we can get a system of equations

raic coefficients in K by multiplying each equation

: e 2k
q q -1
)4

em of equations:

2%_,

L(A+8B) = 0 for dg A,dg B < m; A,B ¢ Fq[x]

ifv Dijv =0 for A,B e'Fq[x]; dg A,dg B < m.

the number of equations, qzm, is less than the

2
n q2k+2 « Furthermore




29+2n m+2k+e 2%+e 2k+e m m m
q + q

ig D,. < dg T + mq (me,) + q (mq +q +q c()

1]

c, = max(dgB,0); ?0 = max(dg fv(a); dg fv(as)’ (v=1,...,0); 0),
gives (since k < 3&):

1g D < (3m+c,) 2+e where ¢, = 0

& "ijv T 2’4 2 = 7

2m 2k+22
nq

\ccording to lemma 1 withr =q°, s = and a = max(dg D, 0)

R ijv?
l’J ’\)
7e that there exist polynomials Xijv € Fq[x], not all zero, such that

5 satisfied and

20+e
ig Xijv < (3m+c3)q where cq > 0.

Jow we shall prove that, for all A,B « Fq[x], L(A+BB) = 0., Let u =2 m

=y -k + 1, then n =2 2. Furthermore let

3(u) = {A + BB | dg A <y, dg B < u, A and B not both 0}.

se L(t) = 0 for all t € B(u). Let £ € B(u+1) \ B(u), thendg & =pu + g

1 > 0. We choose £ such that m + g < 2m. By assumption

L(t)
m (t=A-BB)

B(u)

entire function since L(t) is entire. According to the maximum-modu-

‘inciple

L(§) L(t)
de ( m (E-A-BB))S dgt e 2y de < m (t-A—eB))'
B(u) B(u)

dg L(E) < max  dg L(t) - 2u(a™*-1) + (urg) (q”"-1).
dgt =2u

‘he definition of L(t) we get

max dg L(t) < max dg Xijv + 2uq2£+e + q2k+e- max dg fv(at).

gt=2yu i,3,v dgt =2y




lnce fv is an E-function we have
k
® q
t
f (t) = z a, —, V= 1,...,e0,
v k=0 vk Fk

jere Jc > 0 such that dg a < ch for k > k0 and v = 1,...,n.

ince

max dg £ (ot) < max (dga\)k +2uqk—qu+qkdg a) <
dgt = 2y v k=0

< max (c+2u-k+dg oc)qk <S¢, qzu

k>0
lere ¢, > 0 and u = m. This gives

e 2%8+e q2u+2k+e

20+ 2
dg L(§) = (3mtcy)q v ® + 2uq +c, - (u-g)q-".

mceu=2m n=22and u=n+5%k-1 we get

2n+e e
q

4k 2k-
(5u+csq -(u-gl)q ).

IA

»)  dg L(§)

e
'£) is a polynomial in gY of degree q22—1 and in each of the
e e
(a) , fz (aB) of degree (q2k-l)qu, hence L(E) is algebraic; since

2% 2k+u

q + 2nq q2n+2n

< s

2k+e 2n+2n
ré L(g) is an algebraic integer of K. Therefore

2k+e 2n+2n

q q
N(FU r L(E)) € Fq[x]

2k+e 2n+2e
dg N(ﬁi rd L(E)) <

2k+ 2 )
< hlug krety | q m2n dg T + q2n+e (5u+°5q4k“(u“8)q2k Rl

2n+e

<hgq 2k—e]

9

[(6u+c6q4k) - (u-g)q

<




which is negative for sufficiently large k and %. Now choose k and & suc
2k+e 2n+2e
that dg N(FS rd L(£)) is negative. Hence L(£) = 0.

In the following k and % are fixed. Since B ¢ Fq{x} all A + BB are
different and L(t) has an infinite number of zero's. Since L(t) is entir
and not a polynomial L(t) is a transcendental function (see [4] or [2]).

Let N be the set of zero's # 0 of L(t), then N is countable and for

any v ¢ N

L(t) = Yo e moa- EJ m (1 - %D with p > 0 and Yo € 9
EeB(v) EéB(’\}))
Ee

Let Vo be the minimum of the degrees of the zero's # 0 of L(t), then

max dg n (1 —-g) > max dg m (1 - g& = 0.

dgt =2v £eN\B{v) Vo £eN\B(v)
dgt =5
Furthermore
T (A+BB-t)
t B(v)
T (1 - —') = ’

£eB(v) 3 Bgl) (A+BB)

hence

max dg L(t) = c, +2vp +2v(q2v-l) - (v+g)(q2v-l),

dg t =2v 7

where ¢y is a constant only depending on L(t). This gives

(5) max dg L(t) = (c,v+c )qu with ¢, > 0.
= 8" 79 8
dg t =2v

On the other hand we have proved

(6) max dg L(t) < (3m+c3)qzz+e + 2vq + <,

dg t =2v

29+e q2v+2k+e




' large enough (5) and (6) are contradictory, which completes the

" of the theorem. []

k. The theorem is also true for systems {fl,...,fn} for which the
wing relation is true:

2 £,(8) = R _(£,(8),. 0, (1)), £=0,1,...5 v=1,2,...,n,

- q q
R (£ (E),000f (0)) = ) Q . £ (8. (2)

J1+'°'+jnsr vrjl,..Jr 1

Qyp3 i € F_{x}, such that for all r > O there exists a polynomial
‘\)rJl...Jr q

ch that Q A € Fq[x] for p=0,1,...,r;3 1 < v < n3y

Vojyeeedr r .
.+jn < r and dg Ar < q.
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APPENDIX

Lemma. Let K be a separable finite algebraic extension of Fq{x} of degree
h. Then there exists a basis By s oo s By of algebraic integers of K such
that every algebraic integer £ ¢ K can be written uniquely as

h
£ = izl A, B, with A, ¢ Fq[x].
Proof. According to the theorem of the primitive element [*], since K is
a separable finite extension of?Fq{x} of degree h there exists an element
8 € K such that K =in{x}(e). 6 is a separable algebraic element of K,
hence there is a polynomial P inIFq[x] such that P9 is an algebraic inte-
=90, 0

ger of K. Denote P6 again by 6. Let 9 ,eh be the conjugate

I PEREE
elements of the algebraic integer 6. The discriminant A(l,e,...,eh 1)
of the basis l,e,...,eh-] of K/ Eﬁ(x} is a Van der Monde determinant
and since 6 is separable, 0, # ej(i¥j); hence A(l,e,...,eh-]) # 0.

Furthermore is

A(l,e,...,eh']) = m (ei—ej)2

I<i<j<h
a symmetric polynomial in the conjugate elements of 6 and can be expressed
as a polynomial in the coefficients of the minimal polynomial of 6;

hence A(l,e,...,eh—l) € Fq[x].

For every base {wl,...wh} of K / Fq{x} with W algebraic integer in

K we have

B(wysennyw) = (det(aij))z . A(1,8,...,60 ]

) h-1 . .
where W, =ag ai28 + ... + aihe (i=1,...,h) with aij € Fq{x}, and

det aij # 0. On the other hand as a symmetric polynomial in the algebraic
integers W s eee s W and its conjugates A(w. ,...,wh) € Fq[x]. Consider all
EERERIA

Then dg A(wl,...,wh) e N + {0}, hence there exists a basis {B],...,Bh}

bases {Wl”"’wh} for K / Fq{x} with algebraic integers w

with dg A(B],...,Bh) minimal and By s ees ’Bh algebraic integers. We shall

prove that this basis {Bl”°”6h} is a basis for the ring of algebraic




12

integers in
Suppose
then there e
with a; € F
with A € Fq[

The system {

algebraic in

A (B

*
dg A(Bl 5o

This contrad

%] B.,L. van

t a ba
integ
eF [

q

F [x]

q

172)8,

basis

«sB

g (8,

y of d

bra I,

A(

prove

,h) are

,8,)

lemma. [







L] \I\ \}
il
14




